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Abstract. It is shown that variants of the HI methods could yield objects closely connected 
to the classical Banach spaces. Thus we present a new cq saturated space, denoted as Xg, 
with rather tight structure. The space Xo is not embedded into a space with an unconditional 
basis and its complemented subspaces have the following structure. Everyone is either of type 
I, namely, contains an isomorph of Xo itself or else is isomorphic to a subspace of cq (type II). 
Furthermore for any analytic decomposition of Xo into two subspaces one is of type I and the 
other is of type II. The operators of Xq share common features with those of HI spaces. 



Introduction 

The aim of the present paper is to provide a new norm on coo(N) resulting a Cq saturated 
Banach space. This norm is defined with the use of a modification of the standard method yielding 
Hereditarily Indecomposable (HI) Banach spaces. This approach reveals a Banach space which is 
Co saturated but also has a rather tight structure. The following describes the main properties of 
the space. 

Theorem A There exists a separable Banach space Xq satisfying the following properties. 

(i) The space Xq is co saturated and it is not embedded into a space with an unconditional 
basis. 

(ii) The dual space Xq is separable. 

(iii) Every complemented subspace Y of Xq is of one of the following two types. Either Xo is 
isomorphic to a subspace of Y (type I) or Y is isomorphic to a subspace of cq (type II) . 

(iv) li Xq = Y ^ Z with Y, Z of infinite dimension, then one of Y, Z is of type I and the other 
is of type II. Moreover if the type II complemented subspace is isomorphic to co, then the 
other one is isomorphic to Xq. In particular Xq is not isomorphic to its square Xo ^Xq. 

Note that properties (iii) and (iv) reminds the strictly quasi-prime spaces introduced in [ARj . 
It is open if the space Xq is strictly quasi-prime. The difference between Xo and the examples of 
strictly-quasi prime spaces presented in [ARJ is that the later spaces are not co or £p saturated. 

The definition of the norm of Xo goes as follows. We fix two appropriate increasing sequences 
(mj)jgN, {nj)j^iq of natural numbers. In the first stage we define a norming set Go as follows. The 
set Go is the minimal subset of coo(N) satisfying the following properties: 

(1) It contains the natural basis (e„)„gN of coo(N) and it is symmetric. 

(2) It is closed under the even operations {An2j , -;^) operation for every j S N. 

We recall that this means that for every j S N, d < n2j and /i < . . . < in Go the 

d 

functional ^— ^ fi belongs to Gq. Also, as usual, we set w{f) = (the weight of /) if 

i—l 

/ is a result of a {An2j , ) operation. 
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(3) Go contains all / = ^ ciifi, where — 1 ^^^^ elements of Go with pairwise 

i=l 1=1 

different weights. 

The norm induced by Gq on coo(N) is denoted as || • ||go- Finally we set Xq^ the completion of 
(coo(N), II • 1 1 Go)- The space Xgq, which is a reflexive one with an unconditional basis, is a variant 
of E. Odcll and Th. Schlumprecht space (cf |0S1| ) having no as a spreading model. We refer 
the interested reader to ^AMP) or [AKT| for a further study of spaces with similar properties. 

Next we extend the set Go to Wq which yields the norm of the space Xq as follows. First we 
consider a coding function a similar to the one used in the definitions of HI and related spaces. 
Using that coding we define the a — n2j+i special sequences where each fi belongs to 

Gq. Finally we set 

Wq = Gq U {E{ fi) : E interval of N and (/i)"=i^^ is a cr — n2j+i special sequence }. 

The space Xq is the completion of (coo(N), || • ||wo)- Let us point out that the main difference of 
Xo from a standard HI example (for example the Gowers-Maurey space (cf [GM')) is that here we 
use the odd (i.e. conditional) operations only once at the final step of the definition of Wq. The 
familiar reader will also observe that the usual definition of a HI space does not use condition (3) 
of the definition of Gq. Condition (3) is critical for proving many of the properties of Xq as well 
as £(Xo). The particular use of this, is in Proposition 12.11 However it is worth noticing that the 
variant of the definition not including condition (3) of Gq also yields a cq saturated space and we 
do not know if this space satisfies the further properties of the space Xo. 

As Go C Wq the identity operator id : Xq — > Xgq is clearly continuous. The understanding of 
the behavior of id on the subspaces of Xo is essential for studying the structure of the space. In 
this direction we have the following. 

Proposition B 

(1) The operator id : Xq — > Xgq is strictly singular. 

(2) Let {xn)n<£N be a normalized sequence in Xq such that lim||a;„||Gg ~ 0. Then there exists 

n 

a subsequence (x„)„gL which is equivalent to the cq basis. 

(3) Let y be a subspace of Xo such that id\Y ■ Y — > Xg,, is compact. Then Y is isomorphic 
to a subspace of cq. 

(4) Let Y, Z be infinite dimensional subspaces of Xq such that id\Y,id\z are not compact 
operators. Then d{SY,Sz) — 0. 

Properties (1) and (2) of Proposition B yield that Xq is indeed cq saturated. The proof of 
property (3) requires some beautiful and advanced concepts and results due to Kalton (cf [K]). 
Indeed we actually show that any subspace Y such that idly is a compact operator satisfies the co 
tree property (see Definition 15. 2p . which according to Kalton (cf [K], Thm. 3.2) yields that Y is 
isomorphic to a subspace of cq. A consequence of properties (3) and (4) is that every complemented 
subspace of Xo is either of type I or of type II (see Thm. A). 

A second result describing the tight structure of Xo and its relation to HI spaces concerns the 
operators. Let point out that Sobczyk's theorem (cf |SOj ) yields that Xq admits many projections 
as every cq subspace is a complemented one. The following explains that the non strictly singular 
operators on Xq have a precise structure. 

Theorem C Every bounded linear operator T : Xq — > Xq is of the form T — X ■ I + S with S 
satisfying the following. If there exists a subspace Y of Xo with 51^ is an isomorphism, then Y is 
isomorphic to a subspace of cq. 

The paper is organized into six sections. In the first one we present the definition of the norming 
sets Go and Wq and the corresponding spaces Xgo and Xo. The second one is devoted to the study of 
bounded block sequences (2;„)„gpj in Xo satisfying lim ||a;n||Go > 0- The main result of this section 
(Prop. 12. 2|) asserts that any such sequence contains arbitrarily large seminormalized averages on 
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which the Go and Wq norms coincide. Sections 3 and 4 are devoted to the basic inequahty, the exact 
pairs and the dependent sequences. All these are closely related to the corresponding concepts and 
results appeared and used in the study of HI spaces (cf [AMPj ). Sections 5 and 6 include the 
proofs of Theorems A and C respectively. 

We make use of the following standard notation throughout this article. 

i. We denote by coo(N) the vector space coo(N) {/ : N R : f{n) ^ for finitely many n € 
N} and by CgQ(N) the set of all elements of Coo(N) with rational coordinates. For every 
X G coo(N) we denote by suppx the set suppx — {n € N : x(n) ^ 0} and by ranx the 
minimal interval of N that contains suppa;. 

ii. We denote by (e„)„ the standard Hamel basis of coo(N), which will also be considered as 
functionals on coo(N) acting through the usual inner product and denoted as (e*)„. 

iii. Let Ei,E2 be two nonempty finite subsets of N. We write Ei < E2 if maxi?i < min£'2. 
Also for a n e N, we write n < Ex \i {n} < Ei. If xi,X2 are non zero sequences of coo(N) 
we write Xi < X2 whenever r&nxi < rana;2. In addition for a sequence / : N — >■ R and 
E an interval of N we denote by Ef the sequence / • Xe, where Xe is the characteristic 
function of E. 

iv. We say that a subset F of coo(N) is closed under the (.4„, 6')-operation for n E N and 
< < 1, if for every d < n and for every fi < ■ ■ ■ < ,fd in F we have that 9 X^iLi fi ^ 

V. We say that a subset F of coo(N) is symmetric, if for every f G F it follows that — / £ F. 

vi. We say that a subset F of Coo(N) is closed in restrictions to finite intervals of N, if for every 
f e F and E finite interval of N, it follows that Ef £ F. 

vii. Let L an infinite subset of N and k £ N. We denote by [L]'' the set of all subsets of N with 
k elements and with [L] the set of all infinite subsets of L. 

1. The norming set of the Banach space Xq 

In this section we define the norming sets Go and Wq yielding the spaces and Xq respectively. 
We fix two sequences of natural numbers {mj)j and {nj)j defined recursively as follows. We set 
mi = 2® and nij+i — and ni = 2'' and n^+i = {2nj)''^+^ where sj+i = log2(m^_|_i), j > 1. 

Definition 1.1. Let Go be the minimal subset o/coo(N) satisfying the following: 

(1) Go contains the set Fq — {e'^ : n £ N}. 

(2) Go is symmetric. 

(3) Go is closed under the [An^j^ '^^) operation for every j G N. 

(4) It contains the set {X)iLi '^ifi ■ d £ N, Ui E Q, X)iLi a? 5; 1 a^c' fi G Go with {w{fi))f^i 
pairwise different}. 

For an / G Go we say that / has weight m2j and we write w{f) — m2j if and only if there exists 
d £ N with d < n2j and /i < . . . < /d in Go such that / = X^iLi fi- Such an / is called a 
functional with weight. 

Definition 1.2. We define the Banach space Xgo to be the completion of (coo(N), || ■ ||go); where 

Mgo = sup{|/(a;)| : / G Go},a: G Coo(N). 

The space Xgq resembles the space defined by E. Odell and Th. Schlumprecht in |0S1) , where 
it is proved that this space does not admit cq and as a spreading model. Since the space Xgq 
does not admit co and as a spreading model for every 1 < p < 00 (for a proof we refer to jOSl] 
or |AMP] ) and the basis is unconditional, it follows that this space is refiexive. Next we define the 
a — n2j+i special sequences and the norming set Wq. 
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Definition 1.3. Let f2i,f22 be two disjoint infinite subsets of N and Qs = {(/i, • • • , /d) '■ d € 
N, fi € Go, fi 0,i = 1, . . . ,d, fi < . . . < fd}- Since Qs is a subset of Coo(N), it follows that Qs is 
countable, so we may select an infective map a : Qs ^ {2j : j S O2} such that 

"^<^(/i, ■.,/<;) > : « = 1,-,^, I e supp(/i)} • maxsupp(/d) 

for every in Qs- 

Let j G N. A finite sequence {fi)^l'i^^ with (/i, . . . , fn^j+i) ^'^ Qs, is said to be a — n2j+i special 
sequence provided: 

(1) each fi is a functional with weight. 

(2) w{fi) = m2ji, ji e fli and n^^^^ < m2j,_- 

(3) w{fi+i) = m<^(/,_...j,), for all i &{!,.. . ,n2j+i - 1}. 

We pass now to define the norming set Wq and the corresponding space Xq. 
Definition 1.4. Let Wq be the minimal subset o/coo(N) such that 

"23 + 1 

(1) Go U J2 fi - /i S Go with - n2j+i special sequence} C Wq 

' i=l 

(2) Wq is symmetric 

(3) Wq is closed in restrictions to the finite intervals ofN. 
The Banach space Xo is the completion of (coo(N), || • Wwo): where 

\\x\\wo = sup{|/(a;)| : / e Wo},x€ coo(N). 



For an / € Wq we say that / has weight m2j+i and we write w{f) = m2j+\ if and only if there 
exists a cr — n2j+i special sequence in Gq such that / = eE ^^^^ Y^i=i fi^ where |e| = 1 

and E a finite interval of N. 

Remark 1.1. (1) The norming set Gq is closed in restrictions to the finite subsets o/N. 

(2) It is easily checked that Wq = Gq U {eE — - — Yl fi • 1^1 = finite interval o/N and 

"1.23 + 1 

fi E Go with — n2j+i special sequence}. 

(3) 'iffeWo, i/ie'n ll/lloo < 1. 

(4) The basis (e„)„£N of the Banach space Xq is bimonotone and \\en\\wo = 1 for all n G N. 
Also the basis of is 1 -unconditional (i.e. for every x G and E subset o/N we have 
that \\Ex\\go < Mgo)- 

2. Estimating averages in Xq 

The main result of this section is the following proposition, which is a key ingredient for studying 
the structure of the space Xq and the corresponding one of £(Xo). 

Proposition 4.1. For every e > there exists n G N such that for every /c e N with k > n and 
every block sequence {xn)neN with 

< e < ||a;„||Go < Iknllw^D ^ 1 for all n e N 

there exists an L € [N] such that 

for every ni < . . . < n/j in L and every (j) € (Wo\Go) it follows that 

0( ^ ) < II ^ IIGo- 

Hence 

II Xni + . . . + Xn,, II II Xrii + . . . + Xn^. n 

II ^ llw^o = II ^ IIGo- 
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The proof of the proposition is of combinatorial nature, i.e. is mainly based on Ramsey's theorem 
[R] , and uses the property that the norming set Gq is closed under rational convex combinations. 
Actually this is the only point where that property is used. A consequence of the proposition is 
that every block sequence (a;„)„ with lim||a;„||vFo < oo and lim||x„||(3„ > admits further block 
sequences which are arbitrarily large seminormalized averages and moreover their norm in Xq 
coincide with the corresponding one in Xgo- This is the fundamental ingredient for proving the 
properties of the space Xo and the properties of £(Xo), as it permits to pass to exact pairs in Xo 
and then to dependent sequences in Xq. 

Definition 2.1. Let k E N, S > and {xn)n=i be a finite block sequence. Let also (p be a functional 
in {Wo\Go) of the form <j) ^ ^^^.^^ where q < n2j+i and fi < . . . < fq in Gq. 

(1) We will say that (2^n)n=i "is {(f), 5) separated if there exist 

i. di < d2 < dj, m {1, . . . , fc} and 

ii. Ed-^ < < Eds subintervals of {1, ... ,q} 
such that 6 < ^ fp{xdi) for all i — 1,2, 3. 

(2) We will say that {xn)n=i is S— separated if there exists a functional cj) in {Wq\Go) such 
that {xn)n=i {(j),5) separated. 

Notation 2.1. Let k E N, ni < . . . < Uk in N and {xn.)^^-^ be a finite block sequence. Let also 

(f> e (Wo\Gq) with 4> ~ — fi, where q < n2j+i md {fi)1^i successive elements in Gq. 

^^^^ i—i 

Then for every d E {1, . . . , k} we define the set Ef^^ as follows: 

Et^={iE{l,...,q}: ran{f,) n ran(a;„J ^ 0}. 

Lemma 2.1. Let k E N, 6 > and (x„)„gpj be a block sequence. Let also L E [N] satisfying 
that for every ui < . . . < Uk in L there exists (p E {Wo\Go) such that the block sequence {xni)i=i 
is {4>,5) separated. Then for every M > 0, there exists Lq E [L] such that M < ||a;„||G„ for all 
n E Lq. 

Proof: Assume on the contrary. Then there exist M > and P E [L] (assume without loss of 
generality that P = L) such that ||a;„||G„ < A/ for all n E L. 

From the fact that for every ni < . . . < in i there exists E {Wo\Gq) such that the block 
sequence (a^njf^i is ((/>, (5) separated, applying Ramsey's Theorem fR| for the set [L]'', (i.e. if 
[L]^ ~ AU B, then there exists Li E [L] such that [ii]'"' C A or [Li]*' C -B), we conclude that 

(1) there exists Li E [L] and 

(2) there exist di < d2 < da in {1, . . . , fc} 

such that for every F = {ni < ... < Uk} E [Li]'', there exists (pp E {Wo\Go) of the form 

= mo ^ +1 ^ ■^^•^'"'^ - '^■^jF+iJi < . ■ . < fd^ m Go and E^^ < E^^ < E[^ subintervals 
of {1, . . . , dp} such that 

(2.1) S< J2 /^(a^n.J for aU*== 1,2,3. 

For every F E [^i]'^ we fix the functional (pp. Throughout this proof, the functional (pp will be 
called the corresponding functional to F. 

Let Li = {h < . . . < Idi < . . .} and = Li\{li <_. . < IdJ- 

Moreover if F e [Li^di]''^'^' , we denote by F the set F = {/i < . . . < U F. 

Claim: There exists C > such that for every F E [Li^di]''^'^^ we have that w{(pp) < C. 
Assume not. Then for C — j — —, there exists F E [ii.dj such that if (pp is the 
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corresponding functional to F, then from (|2.ip we get that 
On the other hand we have that 

V- A/ I / M 1 ^ \suppixi )\ \SUPP{XI )\ 
> In [Xl. ) < \SUpp(Xl, ) • > — < < — — 

a contradiction. 

Now applying twice Ramsey's theorem for the set \Li^di]^~'^^ we obtain L2 G [Xi^dJ, jo G N and 
ri < r2 < ra G {1, . . . , n2jo+i} such that 

(1) for every F G [^2]'^^'^^ it follows that w{(f>p) — m2jo+i 

(2) for every F € [L2]''~'^^ and every i e {1, 2, 3}, we have that E^. = Ed^ 

(3) ri G -Bdi,r2 = m\\\Ed^,rz_e Ed^ and for every F = {rtdi+i < • • • < Uk} E [^2]''"''% then 

ii. /.^ </.^ </.^. 

We assume without loss of generality that L2 ^i.di- Hence L2 — {^di+i < • • ■ < ld2-i < • • ■}• 
Let L242-1 = ^2\{^(ii+i < • ■ • < ld2-i}- Moreover if F e [L2.d2-i\^^'"'^^~^\ we denote by F the 
set F = {Zi < . . . < < • • ■ < ^<i2-i} U F. 
We consider the following sets 

A^{F^ {nd2 < . . . < rifc} e [^2,^,-1]'"^''^"'^ : #i^rtr, > 2} and 

B = {F = {nd2 < . . . < nfe} e [L2.d.-i]'=-('^^-^) : #Etl = 1}. 
It is obvious that [^2,^2-1]'" ''''^^^'' = A\J B. Hence from Ramsey's theorem we may assume that 
[L242-i\^^^'^^^^'' C A or [F2,d2-i]'''"'-''^""^'' C B. We distinguish the following cases. 
Case 1. Let [L2 do-i]''"'''""^' C A. 



M- 



"2jo+l 



Let p g N such that p > g . 

We consider vectors j/i < . . . < yp2 such that yi £ {x„ : n £ ^2,^2-1} f^i' sl\ i = 1, . . . with 
< yi- We set 

Vi = a;„^^(,) ,i = 1, . . . where n^^(i) < . . . < ri^^(p2) in L2,d2-i and /^^-i < ^d^ii)- 
We also fix vectors Xn^^^i < . . . < a;„^^ < . . . < such that 

71^2+1 <...<...< n<j3 <...< rifc in ^2,^2-1 and yp2 < x^^^^^- 
For every i = 1, . . . we consider the following subsets of [F2.d2-i]'^ 

Fi = {"d2('' < "'^2+1 < • ■ • < nk}. 
For every « = 1, . . . there exists f^^ G Go with even weight such that fZHxud ) > 



Since #F„ > 2 for alH € {1, . . . it follows that the functionals {/^' : i = 1, . . . are 



Ir2 

successive. Hence the functionals {/^* : i — 1, . . . ,p^}, have pairwise different weights. 



We consider the functional f — ^ -frs^ which obviously belongs to Gq. Hence 

M<p <f{Xn,J<\\XnJ\Go<M 

, a contradiction. 

Case 2. Let [^2,^2-1]''^'''""^' C B. 



We consider the following sets: 

C = {{qi < (72} e [L2,d2-i? ■ if ^1 ^_{qi <_nd2+i < ■■■ < nk},F2 = {92 < "dj+i < •■• < 
rifc} subsets of [L2A2-i?-^'''-'^\ then = f^-} and = 

From Ramsey's Theorem we assume without loss of generality that [i^a-i]^ C C or [L^a-i]^ C D. 
We distinguish the following cases. 

Case 2.1. Let [^2^^2-1]^ -O. In this case we derive to contradiction following the same steps as 
in case 1. 

Case 2.2. Let [^2,^2-1]^ C C. 

In this case we will prove that i'^(N) embeds isomorphically in the space Xgqi which contradicts 
to the fact that Xgq is reflexive. 

We will prove that the sequence {xq)q^L^ is equivalent to the usual basis of ^^(N). 

Let n e N and ao,...,a„ real numbers. Since L2,d2-i = {'^2+45* — Ojl:---} we get that 

n n 
i=Q i=0 

We consider the following elements of [i2.d2-i]'^"^''^^^'' 

Fq ^ {q < nd2+i < ■■■ < rik}, q £ 

From the fact that [i2.d2-i] C C, we have that fr2^ = fr2^ = f for all qi, 52 G -^2,^2-1- Moreover, 
since #£"9 ' = 1 for all q e L2.ci2-ii we obtain that Ed2 = E^^ = {^2}. Hence from (|2.ip we have 
that fr2^{xq) > 6 for all q G ^2,^2-1 thus 

n n n n 

1=0 1=0 i=0 j=0 

and from the 1-unconditionality of the basis of the space Xgq we obtain that 

n n 

II 5I°^^'<i2+.llGo > |ai|. 

i=0 i=0 

The following is an immediate consequence of the previous lemma. 

Corollary 2.1. Let A: e N, 6 > and {xn)neN be a block sequence which is \\ ■ \\wo bounded. Then 
for every L € [N], there exists M g [L] such that for every ni < . . . < in M the block finite 
sequence {xn.)^^^ is not S— separated. 

Lemma 2.2. Let fc, jo G N, 5 > 0, {xn)n=i finite block sequence and cj) £ (W^o\Go) of the form 

(j) — — - — ^ fi, where q < ri2jo+i '^'^'^ (/i)f=i successive elements in Gq such that 

^">'*'^ i=i 

(1) {xn)n=i is not {4>t5) Separated and 

(2) 5<{j2fi){xn)foralln^l,...,k. 

1=1 

Then there exist at most four di < d2 < < ^4 in {1, ... ,k} such that di = l^d^ = k and at 
most three ii < i2 < is in {1, . . . , q} such that setting 

Is = {n £ {1, . . . , k} : ds < n < ds+i} for s = 1, 2, 3 

it follows that 

<P{xn) = fi {xn) for cvcry s = 1, 2, 3 and every n £ Is. 
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Hence 

1 ^ ^ 

(j>{xi + . . . + = — ft,{^i + . . . + 4>{xd,)- 

Proof: Since (x„)^^]^ is not (0, (5) separated, we may assume without loss of generality that 
there exist exactly two ri < 7'2 in {1, . . . , fc} and -E^i < subintervals of {1, . . . , q} such that 
S < J2 fpi^ri) for all i = 1,2. 

If there exists only one the proof is similar. 

9 

From the fact that S < {J2 fi){xn) for all n = 1, . . . , fc, we obtain that 

1=1 

Er^ r\Ef and Er^ nE^y^d}. 

Setting 

A^{de{l,...,k}:#E^>2} 

it is not hard to see that < 4. We assume without loss of generality that #A = 4. Then 
A = {di = 1 < ri < r2 < d4 = k}. We set di = 1, d2 = ri, d^ = r2 and d4 = k. 
Moreover setting 

Is = {n G {1, . . . , k} : dg < n < d^+i} for s = 1, 2, 3 

we observe that the set 

3 

B^{d€{l,...,k}:#E^ = l}=\Jl,. 

Therefore for every s = 1,2,3 there exists ig G {1, . . . , g} with ii < 12 < is such that the conclusion 
of lemma is satisfied. 

Lemma 2.3. Let fc e N, (5 > with \fk > | and jo G N. Let also {xn)n=i be a finite block 
sequence with \\xn\\wo ^ 1 for all n = I, . . . ,k and (f> £ (W^o\G'o) with w{4>) ~ TO2jo+i such that 

(1) 2J< II G„ and 

(2) {xn)n=i is not {4>,S) separated. 
Then 

xi + ... + Xk. ^ . 4 I xi + ... + Xk 



m2jQ+i 2\fk k 
q 

- — fi^ where q < n2io+i ^^i^ successive elements 

^"^^ i—l 



g 

Proof: Let 6 be of the form ^ 
in Gq. Let 

i? = {ne {!,..., fc}:5<(^/,)(x„)} 

1=1 

and 

Do = {l,...,k}\D. 

Since (a;n)^=i is not {(p,S) separated, we get that {xn)neD is also not ((/>, (5) separated. Next, using 

k 

Lemma we will estimate the real number (/)(^ Xi). We have that 

1=1 

'/'(y]a;i) = Xi) + (/((V" a;i) < 1 V'/j,(a;i + . . . + x^) + (t)ixdj 

^ ZT^II E^'^IIgo + -^11 E^^^IIgo +4 < -^11 E^.IIgo +4 

TO2J0 + 1 "l2jo + l ~l "l2jo + l ^ 



Hence 



, xi + . . . + Xfc . _ 4 xi + ...+Xfc 4 1 4 xi + ...+Xfc (5 

4 + 1 xi + ...+Xk.. 
- 1 Go + TTTf r Go 

4 1 xi + .-. + Xfe 
^ ^ ^ TTTf-'ll 1 IIgq- 



The previous result yields immediately the following. 

Corollary 2.2. Let A; G N and (5 > to^/i ^/k > |. Lei aZso {xn)n=i be a finite block sequence 
with \\xn\\wo < 1 for all n — 1^ . . . ,k and (j) £ (Wo\Go) such that 

< " — k — ""^^ — k — ^- 

Then {xn)^^i is {(p, S) separated. 

Proposition 2.1. For every e > there exists n € N such that for every fc £ N with k > n and 
every block sequence {xn)neN with 

< e < |la;„|lGo < \\xn\\wo < 1 V all ueN 
there exists an L £ [N] such that 

for every rii < . . . < rife in L and every (j) G (Wo\G'o) it follows that 



k k 

Hence 

II '^ni ~1~ ■ ■ • M~ -^71}^ II II -^ni • ■ ■ ^ I 

II -j: llvvo = II IIGo- 

Proof: Assume that the conclusion of the proposition fails. Then there exists e > such that for 
every n Cz N there exist k > n and a block sequence {xn)n<£N with 

e < ||x„||go < ll^^nllwo < 1 for aU n e N 
such that for every L E [N], there exist ni < . . . < Uk in L and (p e (Wo\Go) with 

— IIgo < n 7 )■ 



k 

There exist k, jk in N such that 

(1) m2jfc < Vk < k < n2j^ 

(2) 8 < 

and a block sequence {xn)neN satisfying the above properties. Hence from Ramsey's theorem there 
exists L £ [N] such that for every ni < . . . < Uk in L there exists <j> £ (Wo\Go) with 

(2.2) ||^-±_1±^||^^< 
We observe from the choice of fc e N, that 
(2-3) < 



k H^O ^TV ^ 

We observe from the choice of fc e N, that for every ni < . . . < in L we obtain 



m2j, k 

From (|2.2|) . (|2.3p and Corollarv l2.2l we get that for every F £ [L]*^, the sequence {xn)nGF is -^^^ 
separated. Thus from Corollary [231 we derive to contradiction. 
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Proposition 2.2. Let e > and (x„)„£n be a block sequence such that 

e < Ikrillco < ll^^nllwo < I Jor all n <E N . 

Then for every n G N there exists A: G N with k > n and there exist j/i < . . . < i/fc m < x„ : n e N > 
such that 

(1) llyilliVo < 1 for all i = I, . . . ,k and 

(2) «/y= livi + . . . + Vk) then \ < \\y\\Go = \\y\\wo- 

Proof: Assume that the conclusion fails. Then there exists n e N such that for every /c e N with 
k > n and every j/i < . . . < in < a;„ : n S N > with ||2/i||vFn l£ 1 for all i = 1, . . . , fc it follows 

that \\l{yi + ■.■ + yk)\\Go < 5 or || ^(2/1 + . . • + 2/fe)||Gn < Hiyi + ■ ■ ■ + yk)\\wo- 

It is obvious that there exists fco G N with kg > n such that for every k E N with k > kg the 

conclusion of Proposition 12. II is valid. 

We choose j, s e N such that m2j < e ■ 2^~^ < 2'^ < k^ < n2j. 

We set ZrP = a;„,n G N. Then from Proposition 12.11 there exists an Li e [N] such that for every 
ni < . . . < in Li it follows that 

(2.4) + • • ■ + 4li)llGo = + • • • + 4li)lk„. 
Let Li = {Zf^ < . . . < ^ < <...}. We set 

nko 

Wi,„ = ^ j:;ji),n€N. 

2— (n — l)A:oH"l 

Let n e N. Since ||zi^''||H'o — 1 '^.nd (|2.4p holds, we obtain that ll^uii^nljco = ll^^i,n||wo < 5- 
Hence || ■|;U'i,«||iVo < 1- 

We set Zn^ — ^K;i,„,n e N. Then from Proposition 12.11 there exists an L2 G [N] such that for 
every ni < . . . < nk„ in L2 it follows that 

(2.5) 11^(4^,) + . . . + zII'JIIgo = 11^(4',' + ■ ■ • + < Iko- 
Let L2 = {4^^ < . . . < ?f ^ < <...}. We set 

nko 

W2,n^ ^ ,.(2),n e N. 

(n— l)/co + l 

It is obvious that for every n € N the vector W2.n consists of /sq blocks of the sequence {xn)neLi- 
Moreover, since for a n e N we have that \\^wi nWwa !i Ij we get from (12.51) that 11 Aw2.n||Go = 

|j-p-W2,n|jvi/o < h- Hence \\^W2,n\\wo < 1 for all neN. 
In this way we inductively construct 

(1) a finite sequence {Lr)r^i of infinite subsets of N, where 
Lr = {l[''^ <...< I'f^ < <...}, r = 1, fc^ and 

(2) for every r = 1, . . . , s a sequence (wr,n)nGN of the form Wr,n = '^r-i z G 

i—(n— 1)^0 + 1 

nko 

N, r = 2, . . . , s where wi^„ = J2 ^(^(i) , G N such that 

\\Wr,,i\\Go = Ikr.nlko < ^ for r = 1 , . . . , S. 

We can see that if r e {1, . . . , s} then for every n € N the vector Wr.n consists of fcj block vectors 
of the sequence (2;n)„gLr 
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(11 ■ 

Let rig G N and w^n^ = ■ ^^"-"^ every i = 1,. . . there exists € Go with ran{gi) C 

1=1 

ran{x\^^) such that gi{x'l^^) > |. We consider the functional g — gi which belongs to Gq. 



Then 



< g{Ws,no) < 7^7 



2m2j ^ 
which yields that 2*^^ < ni2j, a contradiction. 

3. Rapidly increasing sequences in Xgq and in Xq 

We begin with the definition of the Rapidly increasing Sequences(RIS) in Xg,, f^nd in Xq and 
the definition of AI — £]. averages in Xq . 

Definition 3.1. (Rapidly increasing sequences in Xgqt'^o) Let (a;„)„(=N be a block sequence 
and G, e positive numbers. This sequence will be called 
(i.) (G, e) RIS in Xgo if the following hold: 
1- WxnWco <C for allneN. 

2. There exists a strictly increasing sequence of natural numbers (jVt)n6N such that 
l'^"PP""l < e, for all neN. 

3. For every n e N and every / £ Go with w{f) — m2i < mj^ we have that < 
(ii.) (G, e) RIS in Xq if the following hold: 

1- ll^^nllwo < G for all n eN. 

2. There exists a strictly increasing sequence of natural numbers (jVt)neN such that 
^HPP£^ < e, for all n G N. 

3. For every n e N and f G Wo wit/i w{f) = mi < ruj^ we have that |/(a;n)| < 

Every sequence (jn)neN of natural numbers like in this definition is said to be the associated sequence 
of the RIS {xn)neN- 

Next, we define the M — £^ averages in Xo- 

Definition 3.2. averages in Xq) Let k G N, M > and (e„)„gN the Schauder basis of Xq. 

A vector xe<e„: n E N > is said to be a M — il, average in Xq if: 

1. \\x\\go = \\x\\wo > \- 

2. There exists Xi < . . . < Xk in < e„ '■ rt G N > with \\xi\\\Yo l£ M for all i = I, k such 
that X = I Y.2=i ^i- 



In the following Lemma, according to Proposition 12.21 it is easily checked that in every block 
subspace < x„, n e N >, where 

< e < ||x„||go < Iknilwo < 1 for all n e N 

there exists a block sequence of {xn)n&i of l^— averages with increasing lengths. A consequence 
of this result is the existence of a (3, 6) RIS in Xo for a fixed i5 > 0. The proof of the existence of 
the RIS follows the lines of the proof of Proposition 11.25 in |ATOj . 

Lemma 3.1. Let e, S > and {xn)neN be a block sequence such that 

e < \\xn\\Ga < ll^^nllvvo < I for all n E N . 

Then there exist a block sequence (yn)neN of {xn)neN o,nd a subsequence {kn)neN of natural numbers 
such that 

i. For every n E N the vector yn is a 1 — il. average in Xq. 
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ii. The sequence {yn)neN is (3,(5) RIS in Xq. 



Proof: The first assertion is an immediate consequence of Proposition l2.2l Tlie proof of the second 
follows the lines of the proof of Proposition 11.25 in |ATO) . 



4. The existence of exact pairs in Xq 

The aim of this section is the existence of exact pairs and dependent sequences in Xq. In order 
to achieve this we use the Basic Inequality for the space Xq. As usually we will use an auxiliary 
space , j'o € N and our approach follows similar steps as in |AMP] . 

Definition 4.1. Let jq e N with > 1. We denote by Fj^ the minimal subset of cqo{N) such that: 

(1) = { E : h\ - 1, #F < C . 

(2) Fjg is closed under the operation {A2n2jj Tap "^ every j E N. 

(3) For every A, B nonempty finite subsets of N with A n B — for every (ai)igAus finite 
sequence of real numbers such that ^ < 1, for every (fi)i(:A, where fi £ Fj^ is a 

ieAuB 

result of a {A2nj. , operation with w{fi^) 7^ w{fi2) for all ii 7^ ^2 G A, and for every 

finite sequence of natural numbers {ti)i^B, where t^ 7^ tj for all i ^ j Cz B , it follows that 

ieA ieB 

We notice that for an f £ Fjg we say that f has weight ni2j or that is a result of a {A2n2ji ;;^) 
operation and we write w{f) — m2j if and only if there exists d G N with d < 2n2j and /i < . . . < 
fd e Fjn such that / = Ef=i /»• 

We also define the auxiliary space F^^ to be the following subset of coo (N) . 

1 

F; = F,, U { ^ : J e N, d < 2n2,+lJ^ e F, J. 

m2j+i .^^ 

The weight of a functional f belonging to Fj^\Fjg is defined in a similar way as for the functionals 

We begin with the estimations of a functional belonging to the auxiliary space, acting in averages 
of the basis of length nj. For a proof of the following Lemma we refer to Lemma 8.10 in |AMPj . 

Lemma 4.1. There exists M > such that if jo e N then 

1. if f (z Fj^ with w{f) — mi,i Cz N and ki < . . . < fc„^.^ natural numbers then 



*/ i < jo 



JO ^— X 



2. if f £ ^2jo+i '^{f) — '^iii 7^ 2jo + 1 and ki < . . . < kn^j^+i natural numbers then 



/( > efe ) < < ™'™2io+i 



The proof of the following proposition (basic inequality in Xq) follows the lines of the proof of 
Proposition 9.3 in [AMP] . 

Proposition 4.1. (liasic inequality in Xq) Let {xk)k&f^ be a (C, e) RLS in Xq where C > 0, e > 
and Jo G Let also (A„)„gN be a sequence of real numbers. 



Then for every f G Wq o,nd every finite interval lofN there exist a functional g G Fj^ and a real 
number e/ < e such that 

|/(^ A,xfc)| < C{g{Y, \^k\ek) + • E I^^D' 
fee/ fee/ fee/ 

// we assume that w{f) — m2j then g = or g {±e* : n G N} or w{g) = w{f) and £/ < :;^j|jy- 

Remark 4.1. T/ie Basic Inequality in Xgo analogous to that in Xq. Specifically, for a block 
(C, e) in Xgq o-i^-d a functional f G Go, there exist a functional g G Fj^ and a real number 
ej < e satisfying the same properties as for the basic inequality in Xq • 

The proofs of the following two propositions (Proposition 14.21 and I4.3P are based in Basic In- 
equality in Xo and Lemma WA\ For a proof we refer to Proposition 9.4 in |AMP| . 

Proposition 4.2. Let jo G N and {xn)nefi be a (C, e) RIS in Xo with {jn)neN its associated 
sequence such that C > 0, < e < —i^- and ji > jo. Let also ki < . . . < fc„, natural numbers and 

f G Wq with w{f) — mi. Then 

1- l/( th: — ^ 




M is the positive number appearing in Lemma\4.1 



Remark 4.2. For a (C, e) RIS in Xgo we have the same estimations for every functional f 
belonging to Go and the \\ ■ Wg,, norm as in Propositionl 



Proposition 4.3. Let jo G N and (x„)„gN be a (G, e) RIS in Xgo with (j„)„eN its associated 
sequence such that G > 0, < e < — ^ — and ji > 2 jo + 1. Let also ki < . . . < fc„„- , , natural 

numbers and |ai| < 1 for all i = 1, . . . , n2jo+i. Then 

aiXk, + ... + an2,„+iXk„,^^^^, ^ 3G 



.iGo < — • 

Next, we define the exact pairs in Xo. 

Definition 4.2. (exact pairs in Xo) Let x G Xo with finite support and / G Go- The pair (x, /) 
is called a (G, 2j, 9) exact pair in Xo, where G > 1, j G N and > if the following hold: 

(i) i < Mgo - Mwo<C 

(ii) W{f) = TO2j 

(iii) fix) = 9 

(iv) //5 G Wo wf/i ^(g) = rui, then \g{x)\ < §- if i < 2j and \gix)\ < if i > 2j. 

In the following Proposition, using Proposition 12. 11 Lemma l3.1l and Basic Inequality in Xq, we 
get that in every block subspace < x„, n G N >, where 

< e < ||a;„||Go < ||2:„||wo < 1 for all n G N 

there exist an exact pair in Xo- The proof follows the lines of the proof of Proposition 11.32 in 
[ATO] or Proposition 10.2 in |AMPj . 

Proposition 4.4. Let j G N, e > and (a;„)„eN be o, block sequence such that 

e < ||x„||Ga < ll^^rillwo < I for all n e N . 
Then there exists a pair {x, f) with x G< n G N > which is (15, 2j, ^) exact pair in Xo- 
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Proof: From Lemma [3.11 there exist a block sequence (j/n)nGN of (2;„)„gN and a subsequence 
(fcn)neN of natural numbers such that 

(1) for every n e N the vector y„ is a 1 — £j^^ average in Xq and 

(2) (?/„)„gN is (3, S) RIS in Xq, where < S < and the first term of the associated sequence 
is bigger than 2j. 

Therefore if /ci < . . . < kn^^ natural numbers, then there exist /i < . . . < /n^^ in Go such that 
fiiVki) = 5 and ran{fi) C ran{yk,) for ah i = 1, . . . ,n2j. We set 

X = — V Vki and / = V 

Then it easily checked, using Proposition that the pair {x, f) is a (15, 2j, i) exact pair in Xq- 
We define the dependent sequences in Xq. 

Definition 4.3. (dependent sequences in Xq) Let j € N,0 > and C > 1. A finite sequence 
of pairs {xi, fi)^^-^^ with Xi G Xq for all i G {1, . . . ,n2j+i} is called a (C, 2j + 1,0) -dependent 
sequence in Xq if the following hold: 

1. (/i)"=i^^ is a a — ri2j+i special sequence with w{fi) — m2j. where 2ji — cr(/i, . . . , /i-i), i € 
{2, . . . , n2i+i} a?irf 2ji G {2j : j € r^i} 

2. eac/i pair (xi, fi) is a (C, 2ji, 9) exact pair in Xq 

3. ran(/i) U ran(a;i) < ran(/,+i) U ran(a;i+i) for all i = 1,. n2j+i - 1. 

In the following Proposition, using the existence of exact pairs in every block subspace < a;„, n G 
N > of Xo, with 

< e < ||a;„||Go < ||a;„||wo < 1 for ah n G N 
we construct a dependent sequence in Xq. 

Proposition 4.5. Let j G N, e > and {xn)neN be a block sequence such that 

e < l|a;Ti||Go < Iknilwo <1 for alln eE. 

Then there exists a finite sequence of pairs {xi, fi)^l'^^ with Xi E< Xn,n G N > for all i — 
l,...,n2j+i, which is a (15, 2j' + 1, dependent sequence in Xq with ran(/i) = ia.n{xi) for all 
1 = 1,..., n2j+i. 

Proof: It follows easily from an inductive application of Proposition 14.41 

Proposition 4.6. Let jo e N, 6* > 0, C > 1 and (a;*, /i)^^?^' be a (C, 2jo + 1,9) -dependent 
sequence in Xq with maxsupp(fi) > ^supp{xi) for all i = 1, . . . ,n2j+i- Then 

(1) if9^\, it holds 

8C 



1-^ Y: (-irx.iko< 2 ■ 



(2) if 9 = 0, it holds 



8C 



- — Yl - 



Proof: The proof follows the lines of the proof of Proposition III. 6 in |ATO) . 
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5. Properties of Xq 



In this section we prove that the Banach space Xo is cq— saturated, i.e. every closed, infinite 
dimensional subspace contains an isomorphic copy of cq. Also it is proved that if Y, Z are closed, 
infinite dimensional subspaces of Xo such that the direct sum Y ^ Z is a closed subspace, then one 
at least of the subspaces is embedded isomorphically into cq and the other contains an isomorph 
of Xq. Our proof uses a deep result due to Kalton that characterizes the subspaces of cq. For the 
convenience, by a subspace we always mean a closed and infinite dimensional one. 

Proposition 5.1. The identity operator id : Xq — > Xqo is strictly singular. 

Proof: Assume on the contrary. Then there exists a block sequence (a;„)„gN with ||a;„|| = 1, ?i G 
N such that the operator 

id\<x^,nen> : (< a:„,n € N >, |1 • \\wa) (< x„,n € N >, |1 • ||go) 

is an isomorphism. Hence there exist m > and M > such that 

(5.1) r7i||a;||vFo < II^^Ugo 1^ -^^ll^^ll for every x €< a;„, n € N > . 

Let j € N with < ^. From ((5?T|) we get that m < ||a;„||Go < l|a;n||wo ^ 1 for all n € N. 

Therefore from Proposition |43] there exists a (15, 2j + 1, i) dependent sequence {wi, in Xq 

with ran(/i) = ran{wi) and Wi G< Xn,n G N > for all i = 1, ... , n2j+i- 
We set 

w = !!1M±1 yj^ and / = /i. 

It is obvious that / e Wq and from the definition of exact pairs in Xq we get that ||it;|| Wo > f{w) > 
1 

2 • 

On the other hand Proposition 14.31 vields that ||ty||Go ^ mt^+i • 

Therefore from inequality (15.11) it follows that m < — — — , a contradiction. 

oo 

Lemma 5.1. Let e > 0, {ek)keN be a sequence of positive numbers with ^ < e, {jk)keti be a 

k=l 

strictly increasing sequence of even numbers and {xk)keN be a block sequence such that 
i- ll^^fellwo = 1 for all k G M 

ii. i£li£PM < ek, for allkeN and 

iii. llxfc+illGo < for alike E. 

Then {xk)keN is (1 + e)^ equivalent to the usual basis of co{N). 

Proof: Let n e N and ai, . . . , a„ G M with moa;{|ai|, i = 1, . . . , n} = 1 for i = 1, . . . , n. We assume 
without loss of generality that n > 2. 

n 

Since the block sequence {xk)keN is bimonotone and normalized it follows that || J2 o,iXi\\wo ^ 1- 

n 

We will prove that || J2 ^i^iWwo < 1 + £• 
1=1 

Let / e Wq. We distinguish the following cases. 
Case 1. Let / e Go. Then 

n n n n 

|/(^ a,x,)\ < J2 lad ■ 1/(^01 < \f{^i)\ + E 1/(^^)1 ^ 1 + E ^ 1 + 

1=1 i=l i=2 i=2 

Case 2. Let / e {Wo\Go). 

n2j + l 

We assume without loss of generality that / is of the form / — — ^ fi, where {fi)"l^i^ is a 

i—l 
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a — ^2^+1 special sequence. Let jk-i < 2j + 1 < 3k where 2 < k < n. Then 

n k—1 n k—1 n 

■i— 1 i—1 z— fc+l i—1 i—k+1 

•i=l ^* i=fc+l i=l i=fc+l ■''"^ 

< 1 + e. 

Lemma 5.2. Lef e > anc? (a;^)^^^ be a block sequence such that 

i. lim lli'/tllco — '^'^'^ 

k — yoo 

ii- ||a;fc||wo = 1 /o'' all fc e N. 
T/ien f/iere exists a subsequence which is (1 + e)— equivalent to the usual basis of Cq. 

oo 

Proof: Let {ek)keN be a sequence of positive numbers such that ^fc < £• We inductively 

construct a subsequence (2A;)fegN of (xfe)^^^ and a strictly increasing sequence (jfe)feeN of even 
numbers such that 

i- ^^1^7^ < efe' for all yfc e N and 

ii. ||zfe+i||Go < forallfceN. 

Therefore from Lemma l5.ll it follows that {zk)keN is (1 + e)— equivalent to the usual basis of cq. 

Corollary 5.1. Let Y be a subspace of Xq and e > 0. Then there exists a subspace ofY which is 
+ isomorphic to cq. 

Proof: We assume that F is a block subspace of Xq. Then from the well known gliding hump 
argument we get the result. 

oo 

Let (efc)fceN be a sequence of positive numbers such that ^ < e. 

k=l 

Since the identity operator id : Xq — >■ Xg„ is strictly singular, there exists a block sequence 
(yfc)fceN in Y such that 

i. lim llj/fcllcn = and 

k — yoo 

ii. WvkWwo = 1 for all fc e N. 

Hence from Lemma we obtain a subsequence which is (1 + e)— equivalent to the usual basis of 
Co- 

Corollary 5.2. Let Y be a subspace of Xq. Then Y contains a complemented copy of cq. 

Proof: Since Y is separable and contains an isomorphic copy of co(N), then from Sobczyk's [SO] 
theorem it follows that cq is complemented in Y. 

Proposition 5.2. The basis (e„)„gN of Xq is shrinking, hence Xq is separable. 

Proof: Suppose not. Then there exist eo > 0, a;* € Xq with ||a;*|| = 1 and a block sequence (a;„)„gN 
with ||a;„||vi/o < 1, n G N such that eo < x*(a;„) for all n G N. We distinguish the following cases. 

Case 1. There exists 5 > such that (5 < ||x„||go for all n e N. 

Proposition 12.11 vields that there exists no G N such that for every fc G N with k > uq and every 
L G [N] there exists Q G [L] such that 
for every ni < . . . < in Q we have that 

II *^ni + ■ . . + -^n/^ II II -^ni + • . ■ + n 

II ^ IIVKo = II ^ IIGo- 

Hence there exists M G [N] and a block sequence {zk)keN of {xk)keN such that 
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(1) Zk — where Fk < Fk+i finite subsets of M and (|Ffe|)feGN strictly increasing 

sequence witli | i^i | > hq 

(2) eo < x*{zk) < \\zk\\wo = II^a^-IIgo < 1 for all fc e N. 

Let j E N with n2j > fco and e > with e < . We may assume without loss of generality that 

(^fc)fcGN is (3, e) RIS in Xq such that the first term of the associated sequence is bigger than 2j. 
From (2) it follows that there exist fci < . . . < fc„2^ in M such that 

Zki + . .. + Zk„^^ Zfej + . . . + Zk„^, 

II ^llwo = II ^IIgo- 

n2j n2j 

Thus from proposition 14.21 we have that 

Zk,+... + zk^^^ Zk,+... + 9 

II IIm^o - II IIgo S ■ 

n2j m2j 

Since the action of a;* in every convex combination of {zk)keti is bigger that eg, then for a sufficiently 
large j S N we derive to contradiction. 

Case 2. There exists a subsequence {xp^)k£n such that lim H^^p^^Ugo = 0- 

k ^oo 

Then from Lemma 15.11 we assume without loss of generality that {xp^)k£'H is equivalent to the 

usual basis of cq. Hence there exists M > such that 

fc fc 

kcQ < X* Xp^ ) < II ^ Xp^ \\wo < M for every fc € N 

1=1 i=l 

a contradiction. 

Next we shall show a structural property for the subspaces of Xq on which the identity operator 
id : Xq — > Xgo is compact. Our approach uses a beautiful and deep result due to Kalton [K]. 

Notation 5.1. We set = UfceNl^]'"' where [N]*" denotes the set of all finite subsets o/N of 

cardinality fc. We define in [N]^" the following partial order: 
if {n-i < . . . < Uk}, {mi < . . . < TO„} € [N]<'^ then 

{ni < . . . < Uk} C {mi < . . . < TO„} if and only if k < n and Hi = mi for all i = 1, . . . ,k. 

This partial order is called the initial segment partial order and the couple ([N]^"^, C) is a tree. A 
branch of this tree is identified by an infinite subset {qn ,n G N} of natural numbers, where ((jn)neN 
is a strictly increasing sequence. Moreover if b = {ki < ... < fc„ < . . .} is a branch of this tree, 
then the node {fci < . . . < fc„} is symbolized as b\n. 

Let fc G N and s € [N]^" with s = {mi < . . . < rrife}. //m G N with mk < ni, then the finite subset 
{mi < . . . < mk < m}, is .symbolized as (s'"m). 

Definition 5.1. Let {X,\\ ■ ||) be an infinite dimensional Banach space. A family of vectors 
{x s) se[fi]<'^ m X is called normalized weakly null tree family in X if: 

i. Ilx^ll = 1 for all s G [N]<" and 

ii. for each node s G [N]^'^ the sequence „))„gN is weakly null. 

Definition 5.2. Let {X, || • ||) be an infinite dimensional Banach space. We say that X has the cq 
tree property if there exists K > such that for every normalized weakly null tree family {xs)se[n]<^ 
in X there exist a branch b of the tree ([N]^'^, C) such that the sequence {x^n)„eN is K— equivalent 
to the usual basis ofco(N). 

We pass to state Kalton's Theorem ([K], Thm. 3.2). 

Theorem 5.1. Let X be a separable Banach space not containing £^{N). If X has the cq tree 
property, then X is embedded into cq. 
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Remark 5.1. Kaltons theorem provides an efficient characterization of the subspaces o/cq. 51771- 
ilar results for £p spaces have been proved by Odell and Schlumprecht |0S2) and for subspaces of 
reflexive spaces with an unconditional basis by W. B. Johnson and B. Zheng [JZ . 

Proposition 5.3. Let Y be a subspace of such that the identity operator id\Y '■ {Y, \\ ■ \\wo) — ^ 
Xgq is compact. Then Y has the cq tree property, hence Y is embedded isomorphically into Cq • 

Proof: Let e > and (xa)aG[N]<'^ be a normalized weakly null tree family in (y, || • We will 

construct by induction two strictly increasing sequences {Ikjken and {jk)keN of natural numbers 
and a block sequence {zk)kefi such that: 

(i) i < Ikfeiko < 2 for all fee N 

(ii) ^^p^ < for aU fc e N 

(iii) Ikfellco < if^ for aU fc e N with k>2 

(iv) setting Sk = {h < ■ ■ ■ < h} for aU fc e N, then \\xs^, — Zk\\wo < for all fc € N, 

oo 

where {ek)keN is a sequence of positive numbers with < i for all fc G N and ^ < ^■ 

k=l 

Indeed, let li e N. Since xi-^ £ Xq there exists a block vector zi such that \\xi-^ — ziWw^ < ei. We 

choose ji G N such that ^'^'^'^^^^ < ei- It is obvious that condition (i) is satisfied. 

We assume that for a fixed A; g N with fc > 2 we have constructed a finite increasing sequence 

{h)i=i of natural numbers, a finite sequence of increasing natural numbers and a finite 

block sequence (^1)4=1 such that are satisfied conditions (i)-(iv) until the fixed fc € N. 

The sequence (a;(s-n))neN is weakly null and normalized, therefore there exists a subsequence 

i^{s;:q,^))ne'N of (x(s^„))„gN and a block sequence (z^)„gN such that \\x(^s~q„) - z^Wwo < Tn for all 

n e N, where (r„)„gN is a null sequence of positive numbers. 

Since the sequence (x(s-g^))„gN is weakly null and the identity operator id : {Y, \\ ■ \\wo) — > ^Gq 
is compact, it follows that lim||z^||Go = 0. 

n 

Therefore there exists rifc G N with g„j^ > Ik such that H^^^j^Hgq < 77^1^* < and \\x[s-^-q^^) — 

We set Zk+i = z'^ and h+i = qn^ ■ We choose jk+i G N with jk < jk+i such that I'^"pp^'°+iI < 
Thus we have constructed a block sequence {zk)k<£N and a branch {h < . . . < Ik < ■ ■ ■} oi the tree 
[N]^'^, such that the sequence {xsk)k€K is 4-equivalent to {zk)k&-i- Conditions (i), (n), (iii) yield 
that the block sequence {zk)ke'N is 4 + | equivalent to the usual basis {ek)keN of cnfLemma 15. ip 
and therefore {xs^)ke'N is 16 + e equivalent to the usual basis {ek)keN of cq. 

Also, since Y is separable, does not contain an isomorphic copy of i^{N) and has the cq tree 
property, it follows from Thm. 15.11 that Y is embedded isomorphically into cq. 

Proposition 5.4. Let Y, Z be subspaces ofXo such that the identity operators id\Y ' {Y, \\ ■ \\wo) — ^ 
Xgq, id\z ■ {Z, II • \\wa) — > ^Ga 0^ not compact. Then d{SY,Sz) = 0. 

Proof: We shall show that for every e > there exist y E Y, z E Z with ||z — y||n,o < £• Ik + yllwo- 
Then as is known this yields the result. 

From the fact that idly : (Y, \\ ■ \\wo) — ^ ^Go is not compact and Y does not contain an isomor- 
phic copy of ^^(N), it follows that there exist a || • \\wo normalized sequence (y„)„gN in Y and a 
block sequence {Xn)neVi in Xq such that these sequences are equivalent and the identity operator 
id\(^ span {xn:ne'fi} ,\\-\\wq) ^lot compact. The same holds for the subspace Z. Hence using the well 
known gliding hump argument, we may assume that Y, Z are block subspaces. 
Since the identity operators are not compact, it follows that there exist block sequences {yn)neN 
in Y , {zn)neN in Z and eo > such that 

eo < llynliGn < llynlliVo < 1 for ah n G N 

and 

eo < ||2„||go < Iknilwo < 1 for all n G N. 
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Therefore, Proposition 14.41 yields that for every j (z N there exists a pair {w,f) with w ^< yn ■ 
n e N > or w e< z„ : n e N > which is (15, 2j, i) exact pair in Xq. 

Hence if jo G I^, then there exists a finite sequence of pairs {wk, fkikUl^^ which is (15, 2jo + 1, \) 
dependent sequence in Xq with ran(/fc) = va,n{wk) for all fc = 1, . . . ,n2jo+i such that for every 
k e {1, . . . , n2ja+i\ we have that Wk G< j/n : n e N > if fc is odd and Wk G< z„ : n e N > if fc is 
even (Prop. 14. 5p . 
From Proposition 14.61 we get that 



1 19n 
(5-2) 11-^ E (-l)'^«llwo < 

Also we have that 

-, "230 + 1 "230 + 1 , "2jo + l -, 

We set 

A = {i e {1, . . . , ri2jo+i} • * even} and B = {i e {1, . . . , n2jo+i} : i odd}. 
Moreover setting w = — ^ — V Wi and z = — - — V wi, from (I6.13P and (15. St . we get that 

240 

ll^-ylko < \\z + y\\wo 

"^2io + l 

which implies that \\z ~ y\\wa < ^ ' ll-^ + ylln^o fo'" fixed e > and a sufficiently large jo G I^- 

Corollary 5.3. Let Y, Z be subspaces oJXq, such that the direct sum Y ^ Z is a closed subspace of 
Xq. Then at least one of the identity operators idly '■ {Y, || ■ || Wo) — ^ ^Goj ^'Az ■ (Z, || ■ || vFo) — ^ ^Go 
is compact. 

Hence one at least of the subspaces is embedded isomorphically into Cq . 

Proof: Assume on the contrary. Then from Proposition 15.41 we get that d{SY,Sz) = 0, a contra- 
diction. Moreover from Proposition 15.31 we obtain that one at least of the subspaces is embedded 
isomorphically into cq. 

Remark 5.2. Let Y, Z be subspaces of Xq such that Xi = Y^Z. Then from the fact that the 
identity operator id : Xq — > Xgq is i^-ot compact, it follows that one at least of the identity operators 
id\Y '. (y, II • llwo) — ^ ^Go or id\z '. {Z, \\ ■ \\wo) — ^ ^Go '-s i^ot compact. Hence Corollary 1 5. 3\ yields 
that id\Y is compact and id\z is not compact or vice versa. 

Corollary 5.4. LetY be a subspace ofXo svch that the identity operator idly : {Y, \\ - Wwo) — ^ ^Go 
is not compact. Then (Y, \\ ■ \\wo) i^ ™i embedded isomorphically into cq. 

Proof: Suppose not. Then {Y, \\ ■ \\wo) embeds isomorphically into co(N). Since the operator id\y 
is not compact and Y does not contain an isomorphic copy of ^^(N), it follows that there exist a 
sequence {yn)neN in Y and a block sequence (x„)„gN in Xq such that these sequences are equivalent 
and the identity operator id\(^ span {x„:n&ti} ,\\-\\h-o} compact. Hence there exist a block sequence 

{wn)neN of (x„)„gN and e > such that 

e < lltWnllGo < ll^""llwo < 1 for all n£N. 

Since the basis of Xo is shrinking, we obtain that {wn)n^m is weakly null in Xo. From the fact that 
{span{xn ■ n £ N}, || • ||wo) is embedded isomorphically into Cq, we get (without loss of generality) 
that {wn)nen is equivalent to the usual basis of co(N). Hence there exist m, M > such that 

n 

(5.4) m • maa;{|ai|, i = 1, . . . , n} < || E] aiU^iUvi/o — ^'^ ' '7iaa;{|ai|, i = 1, . . . ,n} 

1=1 
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for all n e N and ai, . . . , a„ real numbers. 

For every n G N there exists /„ G Go such that ran(/„) C ran{wn) and /„(w„) > e. 
Thus setting 

we get that gj £ Go and e < ||^^ ^Jgo for i € N. From (|5.4p we have that 
II S ■"^iIIgo ^ -^^ ■ ^11 J G a contradiction for a sufficiently large j G N. 

i— 1 ^ 

We pass to the definition of type I and type II complemented subspaces of Xq. 

Definition 5.3. Let Y be a complemented subspace of Xq. We say that 

i. Y is of type I if contains an isomorph of Xq. 

ii. Y is of type II if it is isomorphic to a subspace of cq. 

Theorem 5.2. Let Y, Z be subspaces of Xq such that Xq = Y ^ Z . Then Y is of type I and Z is 
of type II or vice versa. If especially Y cq, then Z = Xq. 

Proof: From Corollary 15. 3[ Remark 15.21 and Corollary 15.41 it follows that Y is embedded isomor- 
phically into cq and Z is not embedded isomorphically into co(N) or vice versa. Assume without 
loss of generality the first case. Then there exists a subspace Zi of Z such that Z = cq^Zi. 
Hence 

and since Y is embedded isomorphically into cq and cq ® cq = cq, we get the conclusion. 
In the special case where F = cq we have that 



P. Koszmider [KOj . under CH, has constructed a nonseparable C{K) space satisfying the prop- 
erty that whenever Y, Z be subspaces of C{K) such that C{K) =Y^Z, then either Y = cq and 
Z ^ C{K) or vice versa. In the same paper he asked whether a separable Banach space could 
occur sharing similar properties. The answer of this problem is affirmative and was given by S. 
A. Argyros and Th. Raikoftsalis in jARJ. In this paper it is introduced a new class of primary 
Banach spaces called quasi-prime. An infinite dimensional Banach space X is said to be primary, 
if y, Z be closed subspaces of X such that X = Y ^ Z, then Y ^ X oi Z ^ X. The quasi- prime 
Banach spaces are spaces which satisfy a property like the above C{K). In the present paper, the 
Banach space Xq, resembles the quasi-prime Banach spaces as it seems in Thm. 15.21 

Corollary 5.5. The basis (e„)„gN of Xq, is a normalized, weakly null sequence without uncondi- 
tional subsequence. 

Proof: Assume the contrary. Then there exists an L G [N] such that (e„)„gi is unconditional. 
Let Li, ^2 in [L] with ii n L2 = and L = L1UL2. Then 

< e„, n G L > = < e„, n E Li > < e„, n G L2 >. 

From Corollarv l5.3l we obtain that one at least of the identity operators id\-^ — n£Li> ^ *'^l<e — neL2> 
is compact. Let id\— — n£Li> compact. Since the basis of Xo is shrinking, it follows that (en)ng Li 
is weakly null in Xq and from the compactness of the identity operator we get that lim ||e„||Go — 0) 
a contradiction. 



Remark 5.3. The space Xq is not embedded into a space with an unconditional basis. 
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6. The space £(Xo) 

In this section we study the structure of the operators of the space Xq. Since the space Xq is cq 
saturated it admits many projections. The aim is to show Theorem 16. 11 which asserts that beyond 
the identity the non strictly singular operators are isomorph only on subspaces of Xq which are 
embedded into cq. 



Notation 6.1. Let x € Xq and Y be a subspace of Xq. We note by ^^(a;, Y) the following number 

Lemma 6.1. Let (e„)„(=N be the basis of Xgq o.iT-d Xq and T : Xq — > Xq be a bounded linear 
operator. 

Then lim (T(e„), M e„) = 0. 

n >oo 

Proof: Assume on the contrary. Then there exist 6 > and an infinite subset L of N such that 

(6.1) 0<S< dGo(T(e„),Me„) = inf{\\T{en) ~ x\\go, x G Me„} for aU n e L. 

Since S < ||T(e„)||G,-| for all n e L and (r(e„))„gN is weakly null in Xq we may assume without 
loss of generality that there exist a block sequence (a;„)„gi such that 

(6.2) \\Tien) - XnWwo < for all n e i 

oo 

where (e„)„gL is a sequence of positive numbers with e„ < | for all n G L and < 1- 

n=l 

For every n € L we split x„ into tree vectors as follows 

Xn xi^^ + a;(f ) + ) with x';^^ = E^'^Xn for i = 1, 2, 3 
where eL^'' ^ {k gN : k < n}, e\? = {fc e N : A: > n} and E^n'' = {n}. 

From inequalities (|6.ip and (16.21) we conclude that for every n £ L either | < ||a;l^^||G(, or | < 
Hence we may assume without loss of generality that | < H^tI^'Ugq for all rt e L or 
I < II xl^^ II Go for aU nG L. 

Let I < ll^^li^'' IIgo for all n£ L. In the other case the proof is similar as follows. 

Since {x'"n^)neLo is block, we get that for every n <E Lq there exists gn G Go with ran{gn) C 

ran{xn^) and gn{xn^) > |. Moreover we observe that gn{xn'') — gn{xn) for all n G Lq. 

Let J G N and fci < . . . < kn^j natural numbers in Lq with ran{xk-^) < ki and ki < ran(a;fc.^j ) < 

fci+i for i = 1, . . . , n2j — 1. Setting 

2j ~^ rn2j ^ 

we observe that 

i. f < fjiVj) and 

ii. /,(z,) = 0. 

Also from (16.21) we have that 



(6.3) ||T(z,)-y,|k„<^5:6,.<— . 

Let Jo G N. Then we construct a finite sequence of pairs {zj, /j)"l\°^^ which is a (15, 2jo + 1, 0) 
dependent sequence in Xq. Hence Proposition 14.61 yields that 

(6.4) 11^^ E -.llwo<^^ 

«2jo + l ^ "^2io + l 



Therefore from inequality (|6.3p and (|6.4p we get that 

r "2j(, + l "230 + 1 "2jo + l 

<_!_ + llT||i|!=a=±i'"|:"=,ii,,.<HlH_Li 

which is a contradiction for a sufficiently large jo e N. 

Lemma 6.2. Let T : Xq — > Xq &e a hounded linear operator and L E [N] such that 

i. lini ||r(e,i)||Go — I'^c? 

ii. i/iere exists a subspace Y of Xq suc/i that the restriction T^y ■ Y — > T{Y) of T is an 
isomorphism. 

Then the identity operator id : {Y, \\ ■ \\wa) — ^ ^Go compact. 

Proof: Suppose not. Then as in Proposition [5]4] we may assume without loss of generality that Y 
is a block subspace of Xq. Hence there exists a block sequence (yn)nGN in Y and eo > such that 

eo < llynllco < ||z/«||wo < 1 for aU n e N. 
Since T|y is an isomorphism, there exists m > such that 
(6.5) rn\\x\\wo < \\T{x)\\w„ < ||T|| ||a;||i4/o for every xeY. 

We distinguish the following cases. 

1. Let lim ||T(e„)|iwo =0. 



There exists M S [L] such that 



m 



(6.6) E \\Ti^n)\\wo < 2 



From the fact that the identity operators : (y,||-||vKo) — ^ .^Goj ^-nd id]^^^ — neM> • (<e„,nG A/ >,||- 
\\wo) — ^ ^Go ^re not compact, Prop. 15.41 yields that there exist y E Y with Hj/UvKo = 1 and 
z e< e„,n e M > with llzHwo = 1 such that ||y — z\\wo < ^pTy- 
Therefore 

Til 

(6.7) \\T{y-z)\\wo < \\T\\-\\y~z\\wo < y. 

Let z = J2 CLi^i, where is a finite subset of M. Then using (|6.6p we get that 

(6.8) iin^)ik„<Eii^(^^)ii^o<f- 

Hence from the isomorphism and (|6.8p we have that 

m m 

y ~ Y 

which contradicts to (|6.7p . 



(6.9) \\Tiy-z)\\wo > \\T{y)\\w„~\\Tiz)\\w„>fn- 



2. Let limsup ||T(e„)||vi/o > 0. 

neL 

We set L — {li < . . . < In < ■ . ■} . Since (r(e„))„gN is weakly null in Xq, we may assume without 
loss of generality that there exist a block sequence {xn)neL which is equivalent to (T(e„))„gi. 
Hence the block sequence (xn)ni^L is || • Wwq— bounded, || . \\wo~ seminormalized and lim ||a;„||Go = 
0. 
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From Lemma 1 5 . 2 1 there exists a subsequence of {xn)neL which is equivalent to the usual basis of cq. 
We may assume without loss of generality that {xn)neL is equivalent to the usual basis of co(N). 
Moreover, since {xn)n£L is equivalent to (r(e„))„£L, it follows that there exist di,d2 > such 
that 

n 

(6.10) di ■ max{|ai| : i = 1, . . . , n} < || aiT{ei.)\\wo ^ ^2 ■ maxHail : i = 1, . . . , n} 

1=1 

for every n G N and ai, . . . , a„ G R. 

We choose in G N such that — - — < minj^, „ lo'nii^n I- 

Hence from Prop. 14.51 there exists a (15,2jo + 1, |) dependent sequence {wk, fk)k=i^^ in with 
ran(/fc) ~ ran(wfc) for all A: = 1, ... , n2jg+i such that for every fc G {1, . . . , n2jo+i} we have that 
Wk (z< yn ■ n N > if k is odd and Wfc G< en : 7i G N > if fc is even. 

Let ji G r^i with 7^2^0+1 ™2ji. Then from Proposition 14. 4| there exists a (15,2j'i, ^) exact pair 
(uJi, /i) in Xq, with wi G< y„ : n G N >. 

Let j2 = o'(/i) and F2 <Z L with ^^^2 = n2j2 and i^2 > maxsupp{wi). 

We set W2 = I] ei and /2 = e*. Then the pair {W2J2) is a (15,2j2, 5) exact pair 

in Xq. 

In this way we inductively construct the (15,2j'o + 1, 5) dependent sequence (wfc, /fe)"^i"^^ in Xq. 
From Proposition 14.61 we get that 

"230 + 1 



— E ("i)'-'^-iko < 



Hence 



120IITII 



(6.11) iin^— E (-i)'^^)iii^o < 2 • 

We set 

A = {fc G {1, . . . , n2jo+i} : fc even} and i? = {fc G {1, . . . , n2jo+i} • ^ odd}. 



Then 



"2jo + l 



(6.12) 11^— • E ^'^iiv^o > E • E ^fc) ^ 

"2,0 + 1 "^2,0 + 1 ^ n2,„ + i 4m2,o + l 

and inequality ()6.10p yields that 

(6.13) \\T{wk)\\wo < ^^2 < d2 < for every fc G A 

'^Sj, ^2jo + l 8m2jo + l 

Therefore from ()6.5p . (|6.1ip . (|6.12p . (|6.13p and the triangle inequality we get that 

120||T|| 1 x ^ 1 \ ^ m TO TO 

> HI- — E ^^11^0 - \\T{- — E > 7- ^- — = ^- — 

which contradicts to the choice of jo G N. 



Theorem 6.1. Let T : Xq — > Xq he a hounded linear operator. Then T = XI + S , where A G K, / 
the identity operator on Xq and S he a hounded linear operator on Xq such that whenever Y is a 
subspace of Xq with S\y • Y — > SiY) is an isomorphism it follows that the subspace Y is embedded 
isomorphically into co(N). 

Proof: From Lemma [6.11 it follows that there exist an L G [N] and a sequence (A„)„gL of real 
numbers such that lim ||T(e„) — XriSnWao — 0- We observe that the sequence {Xn)neL is bounded 

and consequently there exists M G [L] and A G M such that lim A„ = A. It is not hard to see that 
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lim ||r(e„) — Ae„||GQ = 0. Setting S ~ T — XI, if S restricted in some subspace is an isomorphism, 
then from Lemma l6.2l and Proposition 15.31 it follows the conclusion. 

Remark 6.1. In a forthcoming paper we will present some variants of the space Xq. More precisely 
for 1 < p < oo we construct an P' saturated Banach space Xp such that for every p > I the space 
Xp is reflexive and satisfies tightness conditions similar to the corresponding ones of Xq . 
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